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Graphic methods have proved to be very useful in enzyme kinetics, as reflected in both raising the efficiency of performing 
calculations and aiding in the analysis of catalytic mechanisms. The kinetic relations among protein folding states are very similar to 
those between enzyme-catalyzed species. Therefore, it should be equally useful to provide a visually intuitive relation between kinetic 
calculations and folding mechanisms for protein folding kinetics, as manifested by the graphic rules in enzyme kinetics. It can 
actually be anticipated that, due to increasing interest in protein folding, the graphic method will become an important tool in folding 
kinetics as well. Based on the recent progress made in graphic methods of enzyme kinetics, in this review four graphic rules are 
summarized, which can be used to deal with protein folding systems as well as enzyme-catalyzed systems. Rules l-3 are established 
for deriving the kinetic equations for steady-state processes and Rule4 for those in the case of non-steady-state processes. In 
cmnparison with conventional graphic methods, which can only be applied to a steady-state system, the current rules have the 
following advantages: (1) Complicated and tedious calculations can be greatly simplified. (2) A lot of wasted labor can be turned 
away. (3) Final results can be double-checked by a formula provided in each of the graphic rules. (4) Transient kinetic systems can 
also be treated. The mathematical proof of Rules l-4 is given in appendices A-D, respectively. 

1. Introduction 

33 years ago King and Altman [l] proposed a graphic method for deriving the steady-state rate 
equations in enzyme kinetics. Their method can make the calculation more convenient and intuitive, and 
hence has proved to be very useful in enzymology. However, the King-Altman method can only be used to 
deal with very simple, steady-state enzyme-catalyzed systems. For the case of an enzyme-catalyzed reaction 
system that is a little more complicated, the task of performing such calculations would become quite 
formidable without the aid of a computer. Unfortunately, by means of a computer, we can in general only 
obtain numerical results, and not an analytic solution which, however, is crucially important for the 
analysis of the mechanisms (cf., e.g., refs. 2-5). Therefore, many attempts [6-241 have been made since 
then in endeavoring to improve and to develop the original graphic method. To develop the graphic 
method more effectively and rigorously even for the steady-state system only, it is necessary to introduce 
some knowledge of graphic theory, which, however, will present a barrier to most readers, whose interest 
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lies solely in the application of graphic methods. As a consequence, most biologists and chemists still 
prefer to adopt the original King-Altman method although the derivation would thus be much more 
time-consuming and error-prone. Moreover, the developments in the past 30 years cover a rather wide 
range of areas of interest, which presents additional difficulty to users. Furthermore, on going more deeply 
into the principles of enzyme action as well as protein folding, one is often confronted with transient 
processes, which cannot be treated in terms of the conventional graphic methods. Therefore, it is highly 
desirable to present a systematic and readable description of the contemporary graphic methods that can 
be used to deal with both steady-state and non-steady-state systems. To satisfy this kind of request from 
many users, in this review the recent progress of graphic methods has been systematized into four rules. 
Rules l-3 are established for improving the conventional calculation methods for the kinetic system of 
steady-state processes, and Rule 4 is set up in order to extend the application of graphic methods to 
non-steady-state systems which are beyond the scope of conventional graphic methods. The norms of 
introducing each of these rules are: (1) The application should be as simple and intuitive as possible. (2) 
The description should be as readable as possible; i.e., the special and uncommon terminologies in graphic 
theory should be used as little as possible except for those whose meanings are self-evident. (3) Each rule 
should be followed by some illustrations demonstrating its advantages as well as implications. (4) The 
establishment of each rule should be supported by a solid mathematical proof. In order to meet all of the 
above four norms, the present review is divided into two parts: the text and appendices. In the text, novel 
and powerful rules are written and demonstrated in a way that is easy to follow for most chemists and 
biologists. In the appendices, however, each of the four rules will be rigorously proved in order to cater for 
readers who wish to peruse the details of the mathematical principles for these novel rules. 

At the outset, let us consider an enzyme-catalyzed system in which there are n different enzyine-con- 
taining species E, (i = 1, 2,. . , n). Suppose that the rate constant for Ei -+ Ei is k,j, and that .for Ei + E, 

is k,,, etc., as schematized in fig. 1. Here, k,, represents the first-order ratk constant or the pseudo 
first-order rate constant [1,3,16]. According to definition, we have k,j = 0 when i =j. For a reaction system 
of this type, the following two questions are often asked: 

e,~[E,]=?(m=l,2,...,n) (1) 

WI dp 
“=dt=dt= c { kr, [E,l - k,, [Es] } = a$ { &pea - kpaep > = ? 

a*P 

where e, = [E,] is the concentration of the m-th enzyme species, E,. In this article, the concentration of a 
reactant X is represented by either [X] or just the corresponding lower-case letter x, u denotes the rate of 
formation of the product P, and E, and E, are the enzyme-containing species that directly involve the 
releasing and binding of the product P, respectively. 

kt, 
Eix k ‘Ej 

,I 

! i,j=l,2 ,..., n 
i#j ) 

Fig. 1. An enzyme-catalyzed reaction system in which there are n different enzyme-containing species E, (i = 1, 2, ___, n). The 
conversion rate constant from the i-th enzyme species E, to the j-th enzyme species E, is k,,. and that from the j-th enzyme species 
E, to the i-th enzyme species ,E, is k,,, where k represents the first-order rate constant or pseudo first-order rate constant [1,3,16]. 
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Obviously, for a protein folding system in which there are n different folding states, all of the above 
descriptions remain valid as well. The following equations will therefore not explicitly refer to the protein 
folding system, since the current formulations will always be valid for either of these two kinetic systems. 

2. Steady-state kinetic systems 

For steady-state systems, in order to determine the solutions to the questions raised in eqs. 1-2, one 
usually has to solve the following equations: 

n n 
O=e,C k,,- c k,,e, (i=1,2 ,..., n) 

J=i J=l 

(3) 

i=l 

where e, is the total concentration of all the enzyme species. Note that in eq. 3 only n - 1 equations are 
independent. To obtain the unique solution, we can use eq. 4 to replace any one of the n equations in eq. 
3. Thus, according to Cramer’s rule, the solutions of eqs. 3-4 can be expressed as 

N 
em =M 

c:*,N, e” 
where 

N,,,= 

( t::lumn;:I 

X,“,,k,, -k*1 . . :, 

-4, E;c,k2j . . . 0 

1 .l . . . 1 

-k,, -kz, . . . 0 

. . . -kn, 

. . . - km2 

. . . 1 

. . . lly=ik,j 

(5) 

c the m-th 
( 1 row 

(6) 

Therefore, once the determinant in eq. 6 has been expanded, all the answers for the above questions can be 
easily obtained merely by substituting the result into eq. 5 as well as eqs. l-2. Unfortunately, it is an 
extremely tedious and error-prone procedure to expand the determinant in eq. 6 except when the case 
considered is very simple. 

To deal with this difficulty, King and Altman [l] proposed a graphic method, which can be illustrated 
by considering the following bi-bi ordered reaction mechanism [25]: 

A B P Q 
A 4 

k,-la k-1 k,,b k-2 k,3 k_3P k,, k,q 
t 1 (7) 

E EA EQ E 
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(a) 

k 31 k 24 

Fig. 2. (a) The directed graph G used to express the hi-bi ordered reaction mechanism [25] as formulated in eq. 7. (b) A hypothetical 
thermodynamic cycle made up of the unfolded and native conformations of BF’TI with and without the peptide bond between termini 

(adapted from ref. 26). 

Assigning E, = E, E,= EA, E, = EQ, E,= (p:), and k,, = k+,a, k,, = k-,, k,, = k_,q, k,, = k+4r 

k,, = k,,b, kd2 = k-z, k,, = k_,p, k,, = k,,, then the bi-bi ordered mechanism can be described by a 
directed graph, or the abbreviation, digraph G, as given in fig. 2a. The directed graph G consists of points 
and arcs. In such a graph, various enzyme species are represented by different points, and the interconver- 
sion between any two enzyme species by an arc with an arrow and weighted by a rate constant to indicate 
the conversion direction and rate, respectively. If k,, = 0, then the arc from Ei to E, is not depicted, 
implying no direct conversion from the i-th enzyme species to the j-th one. King and Altman [1] suggested 
that, instead of expanding the determinant of eq. 6, one can derive N, directly from the directed graph; 
e.g., for the enzyme-catalyzed reaction system as described by fig. 2a, it follows that according to the 
graphic method suggested by King and Altman [l]: 

N, = 

(8) 
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According to the graphic theory, each term in eq. 8 actually corresponds to a spanning in-tree of fig. 2a 
with E, as a sink, and its value is the product of all the weights in each such subgraph. Accordingly, 

N2 = (ah spanning in-trees of fig. 2a with E, as a sink} 

= k,,k,,k,z + k,,k&, + k,&,4k,, + k&,k,z (9) 

iVj = (all spanning in-trees of fig. 2a with E, as a sink} 

= k,,k,,k,, + k,&k,, -t k,,k,,k,, + k,zk,,k,, (IO) 

N4 = (all spanning in-trees of fig. 2a with E, as a sink] 

= k,,k&,, + k,,k,&,, + k3,k,rk24 + &r&34 (II) 

As we can see from the above, King-Altman’s method provides a one-to-one relation between the 
calculated terms and the subgraphs, which undoubtedly is an advantage from the viewpoints of both 
calculation and analysis. It is also apparent that the directed graph G can be used to represent a protein 
folding kinetic mechanism as well, in which case different points in the graph instead represent various 
folding states. For example, fig. 2a is also the directed graph of the folding mechanism as shown in fig. 2b. 
Therefore, after such a mathematical abstraction, the kinetic mechanism as shown in fig. 2b for a protein 
folding system is actually the same as that given by eq. 7 for an enzyme-catalyzed system, at least from the 
point of view of graph theory. However, when an enzyme-catalyzed reaction system or a protein folding 
mechanism becomes a little more complicated, the number of the spanning in-trees, i.e., the subgraphs to 
be counted, will increase rapidly. Thus, the following three problems emerge: 

1. Some of the subgraphs are easily missed, leading to a loss of the corresponding terms. To avoid such 
an error, can we determine a reliable method by which to predict the number of subgraphs and hence the 
number of total terms in N, beforehand? 

2. Even if the number of subgraphs to be counted is known, it is still very difficult to carry out the 
calculation because such a number might be very large even for a moderately complicated system. To solve 
this problem, can we find a new graphic method by which the required subgraphs can be greatly reduced? 

3. When calculating the rate of product formation as formulated by eq. 2, many reciprocally cancelled 
terms between kp,ep and koaea will appear explicitly and hence one must determine all of them pair by 
pair followed by cancelling them out against each other. To avoid this kind of cancellation operation that 
is both wasted labor and error-prone, can we derive a new approach by which all those useless cancelled 
terms will automatically disappear from the beginning? 

Below, we shall present three rules, which can be used to deal with the difficulties as mentioned in the 
above three aspects, respectively. The rules given below are valid irrespective of whether the kinetic system 
concerned is with or without parallel reaction pathways [23]. 

Rule 1: The method for calculating the number of terms in N,,, 

(1) According to the directed graph G, construct a matrix A = [a,,], where 

a,, = {the number of arcs from E, to E, in G } 

(2) Based on matrix A, the matrix B = [bij] is built, in which 

b, = Z~,=~U,~, if i=j 
‘1 

i -a,, if i#j 

(3) The number of total terms in N,,, is then given by 

P,,, = det B,,,, 

(12) 

(13) 

04) 
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where B,,,, denotes the submatrix obtained by removing the m-th row and m-th column from the matrix 
B, and ‘det’ denotes taking the determinant value for the matrix next to it. 

(4) If the directed graph G is a reversible one, i.e., one in which the number of arcs from E, to E, is the 
same as that from Ej to Ei, then it is sufficient merely to calculate any one of the P, (m = 1, 2,. . . , 0) 
because all of them must be the same under such a circumstance. 

The mathematical proof of the above rule is given in appendix A. 

For the kinetic system as shown in fig. 2a, according to Rule 1 we have 

A=[; ; ; #-[Ii j 1; I;] (15) 

Since the directed graph in fig. 2a is a reversible one, it follows that 

Pr=P,=P,=P,=det B+,=[ I? -5 -!]=4 (16) 

which means that there are four spanning in-trees in the directed graph G for each of the E, 
(m = 1, 2, 3, 4) as a sink, or alternatively, each of N,,, (m = 1, 2, 3, 4) contains four terms (cf. eqs. 8-11). 

Example I 

Example 2 
Consider the following bi-bi random mechanism [25]: 

A B P ‘Q 

(17) 

B A Q P 

Let E, = E, E, = EA, E, = EB, E, = EAB, E, = EQ, E, = EP, and k,, = k+la, k,, = k_,, k,, = k+2b, 
k,,=k_, ,..., etc., then such an enzyme-catalyzed reaction can be expressed by the directed graph G as 

I 011011 
100100 

I 
1 

A= 1 o o ’ o o ,B= 

011011 I 

I -1 -1 -1 -1 4 0 -1 -1 0 0 0 2 -1 -1 0 2 0 0 -1 -1 -1 -1 0 4 -1 -1 0 0 2 0 -1 -1 0 0 0 2 1 100100 

1 (18) 

100100 1 

Since the directed graph in fig. 3a is a reversible one, it follows in terms of eq. 14 that 

2 0 -1 0 0 
0 2-1 0 0 

P2=P~=Pq=P5=P6=P1=detB,,,= -1 -1 4 -1 -1 =32 
0 O-l 2 0 
0 0 -1 0 2 

1 

shown in fig. 3a. Thus according to eqs. 12-13, we have 

(19) 
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(b) 

Fig. 3. (a) The directed graph G used to express the bi-bi random reaction mechanism as formulated in eq. 17 
as an aid for calculating the rate of product formation (cf. Rule 3). (b) The transformed graph Dt obtained 

the procedure described in Rule 2(l). 

P is included explicitly 
from panel a following 

which also means that, if using the King-Altman method, one has to find 32 subgraphs (in-trees) in order 
to calculate each of N,,, (m = 1, 2, _ . ,6). 

Exumple 3 
For the Botts-Morales mechanism [27] as schematized in fig. 4a, assigning E, = E, E, = ES, E, = EIS 

and E, = EI, as well as k12 = k+,[Sl, k,, = k-1, k& - k:,[Pl, k; = k?,, k,, = k+#l, 1232 = k,, k,, = 
k_,, k, = k+,[S], k& = kT3, k4; = kz3[P], k,, = k~m4 and k14 = k+,[I], then the directed graph for the 
Botts-Morales mechanism can be depicted as in fig. 4b. Note the difference in the reaction mechanism here 
with the mechanism in example 1: The current one is with parallel reaction pathways as reflected by fig. 
4b, in which, e.g., there are two arcs from E, to E,, rather than only one arc as in fig. 2a. Thus, according 
to Rule 1, we have 

Ll 0 2 OJ L-1 0 -2 

and 

3 -2 0 
P, = PI = P, = P4 =det B+,= -2 3 -1 

0 -1 3 
= 12 

(20) 

(21) 
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(b) k,, 

2Dl 

(c) (kl 2 + k;z + kl4) &z, + kz; + h) 

(k41 + k43 + k43 (k3z + ku + k&l 

Fig. 4. (a) The Botts-Morales reaction mechanism [27]. (b) The directed graph G depicted to express the Botts-Morales mechanism 
as shown in panel a. The special mark of P is helpful while calculating the rate of product formation (cf. Rule 3). (c) The transformed 

graph & obtained from panel b according to Rule 2(l). 

It is interesting to compare eqs. 21 and 16: Recause of the existence of the two parallel pathways between 
E, and E,, and between E, and E,, the number of terms for each of N, (m = 1, 2, 3, 4) will increase from 
4 to 12, i.e., 3-fold. 

(1) Transform the directed graph G to Gt according to the following procedure: To each point in G 
add a loop with a weight equal to the sum of the weights of the arcs departing from that point. If there are 
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two or more arcs from one enzyme species to another, i.e., the so-called ‘parallel pathways’ (e.g., see fig. 
4b), then condense them into one by adding their rate constants together (cf. fig. 4c). 

(2) For any selected reference point, e.g., E,, in Gr, find all those subgraphs each of which must contain 
one, and only one, path from E, to E,, as well as all cycles and loops that intersect with neither each other 
nor the path. Then for each of such subgraphs, take the product of all its weights, multiplied with a sign 
factor given by 

(-1)‘” (22) 
where C, is the number of the cycles (not including loops) in the subgraph concerned. Taking a sum of all 
these results will immediately give N,,, of eq. 5. Note that the result obtained for N, is always the same 
regardless of which point [23] is chosen as the reference point E,. It is recommended, however, to choose 
the reference point E, as far from E, as possible because it will in most cases further reduce the number 
of the subgraphs. 

(3) The number of the total subgraphs can be predicted as follows: According to the transformed graph 
G’, construct a matrix C = [c,,], where 

i 

1, 
c,, = 

if there is an arc from Ei to E, in Gt 

0, otherwise 

Thus, when E, is selected as a reference point to 
by 

n 5-m = per C,,, 

(23) 

calculate IV,,,, the number of the subgraphs will be given 

(24) 

where C, 5 is the submatrix obtained by removing the m-th row and s-th column from the matrix C, and 
per C,,,, henotes the sum of all terms obtained by expanding the determinant of C,,, but taking all the 
signs of the expanded terms as plus, e.g., 

per[i ;]=2,per[i i n]=per[i :]+per[!f :]=2.+1=3 

and so forth, Therefore, it is very easy to calculate the number of subgraphs in terms of eq. 24 in which the 
matrix elements are either 1 or 0. The figure obtained from eq. 24 can serve to check if any subgraphs have 
been missed during the operation of step (2). 

The mathematical proof of Rule 2 is presented in appendix B. 

Example 4 

Consider the bi-bi random mechanism whose directed graph is depicted in fig. 3a. Following Rule 2(l), 
we obtain its transformed graph Gt as shown in fig. 3b, and according to Rule 2(3) we have 

111011 
110100 

c= 1 0 1 1 0 0 
011111 
100110 

_I 0 0 1 0 1 

(25) 
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Thus, it follows by means of eq. 24 that 

which means only 4 subgraphs need to be counted in order to calculate Nr if E, is chosen as a reference 
point, Using the King-Altman method for calculation, however, one has to find 32 m-trees (cf. eq. 19), 
which seems a formidable task. Since the number of subgraphs has been tremendously reduced, the result 
of Nt can be readily obtained in terms of Rule 2(2) as follows: 

N, = 

C-1 )O 

+ (-1)O 

0 
(h. h::) 

+ (-1>* 
hy‘K.&_ 
i 

0 
I.: 

. I\.,:) 

0 (hi, -r kc,) 

0 
IA. . h..r 

=mL,(~,, + b)(k, + f%)(h#lf k64) + k&,*~kx + b)(ks* + kdtkd + b4) 
+k&,,fk-2, + k,,)(k,, +~34)~~s1+ k54) + k&Sl(h + h)(h + 44)(k3 + k64) (27) 

which really contains 32 terms as predicted by Rule 1 (cf. eq. 19). Likewise, N,, . . . , N6 can all be easily 
obtained by means of Rule 2. 



Let us now consider the Botts-Morales mechanism 12’71 whose directed graph is given in fig. 4b. Using 
the King-Altman method, 12 subgraphs (cf. eq. 21) need to be counted for calculating each of N+,, (m =z 1, 
2, 3, 4). Now let us use Rule 2. Note that the current directed graph contains parailel pathways. Following 
Rule Z(l), the graph G in fig. 4b is transformed to Gt of fig. 4~. According to Rule 2(Z), it follows that 

1: : 

NOW let US use Rule Z(3) to check the above calculation. From eqs. 23-24, it follows that 

and 

n’+‘=per Cl.?.= (331 

n4-2=n1-3=n2-4 
= per C,,, = 2 (34) 

Eqs. 33-34 indicate that no subgraph was missed in the above calculatinn. Besides, this example further 
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demonstrates the merit of Rule 2: the amount of work involved in searching the subgraphs can be reduced 
6-fold in comparison with the King-Altman method. 

Rule 3: A new method for calculating the rate of product formation 

(1) The rate of product formation can be written as follows 

@I F+-F- 
O=dt= IyXl&. e” (35) 

where only the factors Ft and F- are unknown which, however, are closely associated with the 
product-creating and product-annihilating cycles, whose definitions are given below, respectively. 

(2) A product-creating cycle is a cycle in G along which there is a net release of product P (cf. fig. 3a as 
well as the cycles in eq. 39), while a product-annihilating cycle is a cycle along which for a circuit there is a 
net consumption of product P (cf. fig. 3a as well as the cycles in eq. 40). Both types of cycle play a key role 
in calculation of the rate of product formation and hence may be termed master cycles. In calculations, 
however, all these master cycles should be found directly from the original directed graph G rather than 
the transformed graph Gt, especially for the case with parallel pathways. 

(3) Find all those subgraphs each of which must have one, and only one, product-creating cycle (or 
product-annihilating cycle), and all other cycles and loops. The latter, however, are found from the 
transformed graph Gt, but they must intersect with neither each other nor the master cycle even when the 
graphs G and G+ overlap. Then, for each of these subgraphs, take the product of all its weights, multiplied 
with a factor given by 

(-p-g (36) 

where CY* is the number of cycles (not including the master cycle and loops), and g the number of the 
product P released (or consumed) when a circuit along the product-creating cycle (or product-annihilating 
cycle) is completed. Taking a sum of these results will immediately give F+ (or F-). 

The mathematical proof is presented in appendix C. 

Example 6 
Calculate the rate of product formation for the bi-bi random mechanism as shown in fig. 3a. According 

to eqs. 2 and 5, we have 

(37) 

When using the King-Altman method or other conventional methods to calculate the numerator of the 
above equation, one has to deal with 4 x 32 = 128 terms (cf. eq. 19) among which 96 terms will eventually 
be cancelled out with each other (cf. eqs. 38-40). This kind of cancellation operation is not only 
time-consuming but also error-prone. By means of Rule 3, however, eq. 37 can be expressed as 

d[Pl F+-F- 
O=dt= &q. e” 

(38) 



13 

where 

f”= 

+t-110 I 

and 

F- =i 

+ (-I)0 f (-l)O 

(39) 
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= k,,k,,k,,k,,~k,, + k,,)(k,, + k,,) + k&&k,, (kz, + k,,)(k,, + k,J 

+k&&,,k,,(k,, + k~)(ka + ku) + ~~vb&&~(k~ + b,)(k,, + kc+,) (40) 

Substituting eqs. 39-40 into eq. 38, we immediately obtain the desired result, the tedious job involved in 
finding and cancelling the 96 terms from the 128 terms being completely avoided. 

Exumple 7 
Calculate the rate of product formation for the Botts-Morales mechanism [27]. Note that this 

mechanism contains parallel pathways. According to its directed graph as shown in fig. 4b, there are 4 
product-creating cycles and 4 product-annihilating cycles. Actually, after becoming familiar with these 
rules, we do not have to depict the subgraphs one by one as illustrated above. The desired results can be 
directly written out according to the directed graph G and its transformed graph G+ as follows: 

F+ = k,,k,*, t k,,k,, + k,,k,, + k&z + k,&,, + 6’34~) + k,,k&,zG 
+k&$,(k,,k,, + k&k,, + k,,k,, + knkz, + k&kz3) + k,zkz,k,*k,, 

F- = k,,k;r,(k,,k,, + k,zk,, + k&k,, + k&a + k&k,,) + 4’3&&,, 
+k,,G(k,,h, + k;k,, + knk,,+k,zkz, +C%,) + WGk,,kz, 

Substituting eqs. 41-42 as well as eqs. 28-31 into 

d[Pl F+-F- 
v=dt= &Ni e” 

we immediately obtain the rate of product formation for the Botts-Morales 
with the King-Altman method according to which 

v = (k&N, + k&N3 - k&N, - k,;N,)& 
I 1 I 

the tedious work required for finding 12 X (4 - 2) = 24 reciprocally cancelled 
(12-2) x 4 = 40 subgraphs is completely avoided. 

(41) 

(42) 

(43) 

mechanism. In comparison 

(44) 

terms (cf. eq. 21) as well as 

3. Non-steady-state kinetic systems 

For non-steady-state kinetic systems, instead of eqs. 3-4, we should consider the following equations: 

(45) 

i; e, = e, 
i=l 

(46) 

with the following initial conditions: 

cl(t) =e0 
e,(t) =o (i z 1) I 

when t=o (47) 

where e, = [E,] is the concentration of the free enzyme. As is well known, it is much more difficult and 
complicated [28,29] to determine the solution for a non-steady-state system in comparison with the 
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corresponding steady-state one as described by eqs. 3-4. The following question is naturally raised: Can 
we also find a graphic method to deal with the non-steady-state system as we did for the steady-state one? 
The answer is yes. As an approach to realize that, let us first make the Laplace transformation for eq. 
45546 with the initial condition (eq. 47) which yields 

P,- kk,,t?,=6,,e, (i=1,2 ,..., n) 
j=l 

n 

SC f?,=e, 
i=l 

(4% 

where a,, is the Kronecker delta, s an interim parameter introduced by the following Laplace transform 

Z,(s) = (me,(t) exp(-ts) dl 
‘0 

and .?, is the phase concentration of E,. The relation between the phase concentration Z, and the usual 
concentration e, can be simply expressed as 

(51) 

where i! and i-’ are the Laplace transformation and inverse transformation operator, respectively. 
Below, a parallel graphic method is presented by which one can directly write out the phase 

concentrations according to the directed graph without the need to solve eqs. 48-49 whose operation is 
even more tedious and error-prone than in the case of steady-state systems. Once the phase concentrations 
Z, (i = 1, 2,. _. , n) are known, the corresponding normal concentrations ei( t) (i = 1, 2,. . , n) can be 
immediately obtained according to the Laplace transform table available in any mathematical handbook. 

Rule 4: A graphic method for calculating the phase concentrations g,,, (m = I, 2,. . . , n) 

(1) Transform the directed graph G to d according to the following procedures: To each of the points 
E,, (m=l,2 ,..., n) add a loop with the weight s + C,“_,k ,,,,, respectively. If there are two or more arcs 
from one point to the same other, then condense them into one by adding their rate constants together. 

(2) The graph obtained through the above procedure is called the phase graph G. Thus the phase 
concentration Z,,, for the m-th enzyme species E, is given by 

(52) 

where &, can be obtained as follows: From the phase graph d find all the subgraphs each of which has 
one, and only one, path from E, to E,, as well as all the cycles and loops that intersect with neither each 
other nor the path. For each such subgraph, multiply all its weights and a sign factor given by 

(-1)” (53) 

where Ci is the number of the cycles (not including loops) in the respective subgraph. The sum of all these 
results will immediately give Z?,,,. When m = 1, however, the path from E, to E,, will reduce to a point, 
whose weight in this case should be assigned as 1 for calculations (e.g., see eq. 57). 
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Fig. 5. (a) The directed graph G for the Michaelis-Menten mechanism as formulated in eq. 56. (b) The phase graph d obtained from 
panel a according to the procedure as stated in Rule 4(l). 

(3) In order to facilitate checking and avoiding missing any subgraphs, we can also predict the number 
of subgraphs to be counted. The method is as follows. Construct a matrix c = [?,,I, where 

;,i = 
i 

1, if there is an arc from E, to E, in G” 

0, otherwise 
(54) 

then the number of subgraphs involved in calculating Nm must be 

.1-m = per 6,,, (55) 

where 6,,,, is the submatrix obtained by removing the m-th row and the 1st column from c”, and ‘per’ has 
the same hefinition as in eq. 24. 

The mathematical proof of Rule 4 is given in appendix D. 

Example 8 

Find the non-steady-state solution for the Michaelis-Menten mechanism [30]: 

k+l k 
E+S, 

+z ’ ES , E+P 
k-1 k-2 

(56) 

where the concentration of E is equal to e, and that of ES equal to 0 when t = 0. Let E, = E, E, = ES, 
k,, = k+,Pl, 4, = k-1, kl* = k-z[Pl, k2*1 = k+.z, then the Michaelis-Menten mechanism of eq. 56 can be 
expressed by the directed graph as shown in fig. 5a. Following the procedure as described in Rule 4(l), the 
directed graph G in fig. 5a can be transformed to the phase graph e as given in fig. 5b. Then according to 
Rule 4(2), it follows that 

lj,= (-1)O 1 

E’, 
=s+k,,+k,*, (57) 
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= k,, + k;, (58) 

Substituting the above results into eq. 52, we obtain 

z, = 
s + k,, + k2: 

s( s + k,, + k,, + kT2 + k2*1) “’ 
(59) 

P, = 
k,, + G 

s(s+k,,+k,,+k&+k:,)=’ 

Using the table of Laplace transforms (cf., e.g., ref. 31), we immediately obtain 

e,(t) = e0 
k,, + 6 

4, + k,, + k;C, + 4 + k,2 + ;;“:t 1 ki + k,: exp[ - (k12 + k2, + k;L, + k:,)rl ) 

e*(t) = eo 
k12 + k:2 k,z + k:, 

k,, + k,, + k:, + k2; - k,, + k,, + k:, + k;, exp[-(k12+k21 +k&+kZ)tli 

(60) 

(61) 

(62) 

Now let us see how to use the check formula of eq. 55. According to the phase graph G’ of fig. 5b we 
have 

c= 1 1 1 I 1 1 (63) 

thus it follows from eq. 55 that 

PI’+~ = per C,,, = [l] = 1, n1-2 = per C,,, = [l] = 1 (64) 

which means that no subgraphs were missed in calculating the phase concentrations as illustrated in eqs. 
57-58. 

Example 9 

Consider the non-steady-state kinetics of the following three-state model of protein folding 

D 
kl 

*X 

k2 

Ty 'N Ty (65) 

where D represents the denatured and unfolded protein species, N the native and folded protein species, 
and X the intermediate in the pathway between unfolded and folded states. Let E, = D, E, = X, E, = N, 
k,,= k,, k,, = k_,, k,, = k,, k,,= k-,, then the three-state folding model can be expressed by the 
directed graph G as shown in fig. 6a. Assume that initially only denatured protein is present, viz., 
e, = [D] = e,, e, = [X] = 0 and e3 = [N] = 0 when t = 0. Here e0 is the total concentration of protein. The 
protein is then subjected to a rapid temperature jump, a sudden change in solvent, or some other quick 
change that causes the protein to fold. For simplifying illustration, suppose k,,, k,, zs. k,,, k,,, which 
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Fig. 6. (a) The directed graph for the three-state folding model as formulated in eq. 65. (b) The directed graph reduced from panel a 
when k,,, k,, a k,,, k,,. (c) The phase graph d obtained from panel b according to Rule 4(l). 

means the tendency of protein towards folding is dominant over its tendency towards unfolding after such 
a sudden change. In this case, the directed graph G in fig. 6a can be reduced to fig. 6b. According to 
Rule 4(l), the directed graph G in fig. 6b can be transformed to the phase graph e of fig. 6c. It follows 
thus by Rule 4(2) that 

N,=(-1)O 7 0 (@j = (s + k23)S 

\. h: \ 

I : : = k12s 

I$=(-1)O = kdzt 
I . I.- I : 

(66) 

(67) 

(68) 
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As indicated in eqs. 8-11, the number of terms in N,,, is actually equal to that of spanning in-trees with 
E, as a sink in the corresponding graph G. On the other hand, the matrix B obtained through steps 
(l)-(2) of Rule 1 may also be expressed as 

B=A*-A (Al) 

where A * is a diagonal matrix whose diagonal element a,“: is equal to the sum of all the elements of the 
i-th row in matrix A. Thus, according to the theorem given by Tutte [32], that the number of spanning 
in-tree with point E,,, as a sink in the digraph G is equal to the cofactor of any element in the m-th row of 
the matrix A* -A; i.e. 

P,,, = det B,,, = det Bm,2 = . + + = det B,,, = . . . = det B,,,, b42) 

In other words, eq. 14 is only one choice from the n equivalent equations in eq. A2. Furthermore, when the 
directed graph G is a reversible one (i.e., whenever there is an arc from E, to E,, there must be an arc from 
E, to E,), both A and 19 must be symmetric and we therefore have 

B,,j=Bj,; (i,j= 1, 2 ,..., ?z) (A3) 

From eqs. A2 and A3 it follows that, when G is a reversible graph, 

p, = pz = . . . = pm = . . . = p, (A41 

This completes the mathematical proof of Rule 1. 

Appendix B: The mathematical principle of Rule 2 

Let us first prove that for any n x n matrix X = [xi j], we have 

det X= c( -l)‘“f(G,) (Bl) 
U 

where G, is the u-th of those subgraphs each of which contains all disjoint cycles and loops of G(X) (see 
the first paragraph of appendix A for the definition of G(X)), q, is the number of cycles with even 
number of arcs in G,, and f(G,,) denotes the product of the weights of all the arcs in G,. The proof of eq. 
Bl is as follows. According to the definition of a determinant 

det X = c sgn a x,,,x~,~ . * * x,,~, 
0 

032) 

where o= {jl, j2,..., j,,) isapermutationof {1,2,...,n}, and 

i 

1, for even permutation 
sgn a = 

-1, for odd permutation (B3) 

-- 

If x1 jlx2j2 * . * x,;, # 0, it must also equal the product of weights of the arcs VI?,, VzPJ2,. . .,x in G(X), 
where each given subscript appears only twice: one is in the initial point of an arc, and the other is in the 
terminal point of an arc. Consequently, K, q,. . . ,- Vnyn must correspond to a G, of eq. Bl. In other 
words, there is a one-to-one correspondence between the non-zero terms of det X and G,, (U = 1, 2,. . . ) of 
G(X); i.e., we have 

det X = c sgn u,f( G,,) 
” 

(B4) 
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where sgn uU is the sign which can be determined as follows. As mentioned above, each G, (u = 1, 2. . . ) 
consists of disjoint cycles and loops. Suppose v,, E, F*;.,, E,. _. , y,, @$ 5, is a cycle formed by I 
vertices and I arcs in G,. According to eq. B3 the term xili,niIi, * * . xi,;,, which is actually the product of 
the weights of all the arcs of such a cycle, will contribute a factor of ( - l)‘-’ to sgn a,,. Therefore, if taking 
all disjoint cycles of G, into account, we have 

sgn uU = tJr(-1)” (B5) 

where I is the number of arcs in each of the disjoint cycles in G,. Since 

(_$‘= (-;I when I is an even number 
when I is an odd number (B6) 

it follows that 

sgnu,=(-1) 
{the number of cycles in G, that have even number of arcs) 

(B7) 

Substitution of eq. B7 into eq. B4 completes the proof of eq. Bl. 
On the other hand, according to the definition of the permanent of a matrix, we have 

per X = Cxl,,xzJl . . . hJn W 
0 

In comparison with det X of eq. B2, the only difference is in the sign factor sgua which appears in det X 
but not in per X. Therefore, if C is built from G(X) according to Rule 2(3), it is obvious that 

per C = (the number of non-zero terms in det X } 

= {the number of G, in G(X)} (B9) 

Now we can use eqs. Bl and B9 to prove Rule 2. Note that the n equations in eq. 3 are not independent 
because the sum of these n equations is identically equal to zero. To obtain the unique solution, therefore, 
we can replace any one of them by eq. 4. The expression for iV, as given in eq. 6 is obtained by replacing 
the m-th equation with eq. 4. However, if we use eq. 4 to replace any other equation in eq. 3, the solution 
should remain the same. Besides, a matrix and its transposed matrix should have the same determinant 
value. Based on the above two grounds, eq. 6 can be rewritten as 

N,,, = 

1 -k,, . . . -kl, . -4, 
1 E;=,k,, . -k,, . -k,n 

i 0 .,, 0 . 

; -in2 . -Ii,, . 

Ey=,k,j -k,, .. 

-k,, q=lk2j ._ 

0 

. E;_;k,,j 

1 . . . -k,, 

1 . . . -k,, 

C;=,klJ 1 . . . -k,, . . . -k,, 

-k,, 1 . . . -k,, _.. -k,, 

-k,, 1 . . . -k,, . . . E:;_,k,, 

E 
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= . . . = WO) 
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C,“_& -k,, . . . -k,, . . . 1 

-4 X:;=,k2, _.. -k,, _.. 1 

0 0 . . 0 _.. ; 

-k,, -k,* . . . A”, *.. ; 

On inspecting eq. BlO we discover the following: 
(1) According to the relation between terms and graphs as given by eq. Bl, in all the graphs 

corresponding to N,,,, there is no arc starting from E,,,. Therefore, any cycle containing point E, must be 
reduced to a path. On the other hand, if we choose eq. 4 to replace the s-th equation of eq. 3, in all the 
corresponding graphs, there is no arc ending at the point E,. Therefore, the reduced cycle must be a path 
from point E,, to Em. This is actually reflected by selecting E, as a reference point to calculate N,,, as stated 
in Rule 2(2). In a particular case, if s = m, i.e., the reference point is E,, itself, the path is further reduced 
to a point with weight of 1 as implied in eq. BlO. (Note that according to eq. Bl if the path is reduced from 
a cycle with even number of arcs, then a factor of (- 1) will be added; if the path is reduced from a cycle 
with odd number of arcs, no such a factor should be added.) 

(2) For brevity, all the minus signs before the elements of N,, in eq. B10 can be removed through an 
appropriate adjustment in sign. Such an adjustment, combined with (- l)qu in eq. Bl as well as the sign 
contributed from the path as described in step (1) of this section, will eventually lead to eq. 22. 

(3) Again, from eqs. B9 and B10 it is obvious that if E, is selected as a reference point, the number of 
subgraphs needed to be counted for calculating N,,, is given by eq. 24. 

This completes the proof of Rule 2. 

Appendix C: The mathematical principle of Rule 3 

Rule 3 can be directly derived from Rule 2. Let us first consider kupen in eq. 2. If we take E, as a 
reference point to calculate e, as stated in Rule 2, then the path from E, to E, can be augmented to 
become a master cycle due to the multiplicator k,,. This master cycle is none other than the product-creat- 
ing cycle as defined in Rule 3. Similarly, for kpaep, if E, is chosen as a reference point to calculate ep, then 
the path from E, to E, as mentioned in Rule 2 will become a product-annihilating cycle because of the 
multiplicator k,,. 

Unlike the other cycles as defined in eq. 22, these two types of cycles are generated from a path and 
hence should have no contribution to the sign factor, as reflected by the definition of Cy* in eq. 36. 

Furthermore, from eq. 2 we see that the master cycle must be those cycles which involve the releasing 
and (or) consuming of product P. Nevertheless, even though a cycle has such an involvement, but the net 

number of P created (or annihilated) is zero, such as the cycles E,E,E,E,E, and E,EsE,E,E, of fig. 3a, 
it is still not a master cycle because its actual contribution is reciprocally cancelled. This point is just 
reflected by the size factor g in eq. 36. 

This completes the proof of Rule 3. 

Appendix D: The mathematical principle of Rule 4 

The phase concentrations are the solutions of eys. 48 and 49. However, the n + 1 equations in eqs. 
48-49 are not independent. The first equation in eq. 48 is equal to eq. 49 minus all the other equations, 
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I.e., i = 2, 3,. .., II, of eq. 48. Therefore, instead of solving eqs. 48-49, we can consider the following 
equations: 

s c z, =eo 
i=l 

C,- tk,,c?,=O(i=2,3 ,.__, n) 
J=l 

CD11 

@2) 

Making a comparison between eqs. Dl-D2 and eqs. 3-4 in which only n equations are independent, we 
find that, if using eq. 4 to replace the first equation in eq. 3, the n independent equations thus obtained are 
completely in the same form as the n equations in eqs. Dl and D2. In other words, eqs. Dl-D2 are only a 
special case of eqs. 3-4. Therefore, the mathematical proof as given in appendix B for Rule 2 has already 
covered the proof for Rule 4. The difference in the form of coefficients would not influence the established 
method itself but only change the weighting of arcs during the transformation of the directed graph as 
described by Rule 4(l). 

Furthermore, the fact that the form of eqs. 3-4 is more general than that of eqs. Dl-D2 is also reflected 
by such a difference between Rule 2 and Rule 4: In Rule 2, any point can be selected as a reference point 
to calculate N,,,; in Rule 4, however, the reference point must be E, since all paths start from E,. 

This completes the proof of Rule 4. 
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